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Higher dimensional, static, cylindrically symmetric vacuum solutions with and without a cosmo- 
logical constant in the Brans-Dicke theory are presented. We show that for a negative cosmological 
constant and for specific values of the parameters, a particular subclass of these solutions include 
higher dimensional topological black hole-type solutions with a flat horizon topology. We briefly 
extend our discussion to stationary vacuum and A— vacuum solutions. 
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I. INTRODUCTION 

After the pioneering works of Kaluza and Klein [l| , the 
exploration of higher dimensional gravity theories and 
their solutions played an important role in physics. They 
showed, in particular, that adding an extra coordinate 
and a scalar field, four dimensional gravity and electro- 
magnetism can be unified upon compactification of the 
extra dimension on S 1 . Although this theory can be re- 
garded as speculative, the underlying ideas inspired mod- 
ern and more complicated theories, such as superstring 
theory Q ■ The dilaton field in these theories behaves like 
Brans-Dicke scalar field. 

Brans-Dicke (BD) theory is a possible modifica- 
tion of Einstein's General Theory of Relativity (GR) such 
that gravity is described by a metric geometry and, in ad- 
dition, a scalar field. The scalar field plays the role of a 
variable gravitational "coupling constant". One of the 
original reasons where the theory was put forward was 
to attempt to incorporate the Machian ideas into the 
theory of gravitation. In BD theory, the matter fields 
couple to the curvature as in the GR theory but not to 
the BD scalar field directly so that energy momentum 
of matter fields are covariantly constant in the Jordan 
frame. Moreover, since BD theory is a metric theory, 
weak equivalence principle holds in this frame. It passes 
solar system tests for large values of its free parameter ui, 
i. e., for w > 40000 6]. It is also known that, metric f(R) 
(modified) theories of gravity, which have received a lot 
of attention recently, is dynamically equivalent to various 
versions of BD theory with an additional potential term 
for the scalar field and particular values of the parame- 
ter w Q. Due to these and as well as other features of 
interest, it is worthwhile to study its exact solutions in 
comparison with GR counterparts in arbitrary number 
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of dimensions. 

Cylindrically symmetric solutions are one of the sim- 
plest and the most studied solutions of gravity theories 
since these solutions can be considered as approximations 
to non-spherical and elongated matter and field config- 
urations Q. For example, the cylindrical symmetry is 
adopted in the study of gravitational waves, cosmologi- 
cal models, gravitational collapse of non-spherical matter 
distributions, and in applications to the numerical GR as 
well. 

Cylindrically symmetric, static vacuum solution of 
general relativity were presented by Levi-Civita long ago 
[9j. This solution has two independent parameters [ldj . 
one of which is related to the mass per unit length of the 
source whereas the other is related to the global conic- 
ity of the solution. An important subclass of Levi-Civita 
(LC) solution is locally flat but globally conical cylindri- 
cally symmetric solution generated by a static, straight, 
gauge cosmic string [Tl| . Due to the important gravi- 
tational and cosmological implications of cosmic strings 
[12t Il3j , this solution received a lot of interest in recent 
years. In four dimensional BD theory, the correspond- 
ing static cylindrical vacuum solutions were presented in 
14 , [l5| , whereas the higher dimensional gene ralization of 
LC solution in GR is presented recently [la ]. 

In the presence of a cosmological constant A, the cor- 
responding solutions with cylindrical symmetry was pre- 
sented much later by Linet [l7j and Tian [l8|]. It is im- 
portant to note that, for negative A and definite choice of 
parameters [lj|, this solution includes static topological 
black hole with a flat horizon topology as a special case by 
an appropriate coordinate transformation [20T [2lj . For a 
review of topological black holes, see, e.g., [22( . As a pos- 
sible source generating these A— vacuum solutions, thin 
shells were constructed in |23[ . The corresponding A- 
vacuum solutions for BD theory was discussed in [24j and 
exact solutions corresponding to thick cosmic strings hav- 
ing a phenomenological equation of state that matches 
smoothly to these solutions was presented in {25]. The 
higher dimensional GR generalizations of these solutions 
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have recently been presented in [26|, |27| . 

In this paper, we present cylindrically symmetric, 
static vacuum and A-vacuum solutions, generalizing the 
Levi-Civita's @ and Linet-Tian's solution [Tj], [3 to 
higher dimensional BD theory. We also present corre- 
sponding stationary (rotating) solutions for both cases 
in closed form. In our work we prefer to use Jordan 
frame, however corresponding solutions in Einsten-scalar 
and dilaton gravity can be obtained by suitable confor- 
mal transformations. 



II. FIELD EQUATIONS 

The vacuum field equations of BD theory with a cos- 
mological constant A, in the Jordan frame can be derived 
from the action 



S = j d n xV\9\^(-R + 2A) + ^g^d^d^j(l) 

in n space-time dimensions. The equations for the metric 
and the scalar field <\> that follow from (JTJ can be written 
in a form appropriate for study of BD A-vacuum as 

R»u = (u> + l)Ag„ v + \{4>,n;v + ~<t>,v,<i>,u), (2) 



((2|) and Q lead to the system of differential equations 



n<t> + k<t> = o, 



(3) 



respectively. Here is the Ricci tensor, the constant 
A is related to the cosmological constant and the BD 
parameter ui as 



A 



2A 



(n - 1) + u(n - 2) 



(4) 



□ in ([3]) denotes the Laplace-Beltrami operator in n di- 
mensional space-time. 

For the metric ansatz, we adopt Gaussian normal type 
coordinates for n — 4+c? dimensional, static, cylindrically 
symmetric diagonal metric: 



ds 2 = g ^dx^ dx v = dr A 
(g lJ ) = diag(-^,g|, . . . . 



9^j 



dx l dx J , 



2 \ 
9(n-l))> 



(5) 
(6) 



where indices /i, v cover all coordinate range, whereas 
the indices i, j cover range of the coordinates on the sub- 
manifold with dr — 0. All the metric functions gi depend 
only on the radial coordinate r. In general, without any 
further symmetry assumption, this metrical ansatz have 
at least (n — 1) number of commuting and hypersurface 
orthogonal Killing vectors = ^ 1. We shall 

also assume <fi — 0( r )- The function defined in terms of 
the field functions as W(r) = (f>Higi = 4>gog2 ■ ■ ■ 9(n-i) = 
<j)\/\g\ will be useful for the discussion below. 

With the above assumptions, the BD field equations 



9i 



w 

w 

and 



E 



-(l + w) 



-AW, 



respectively. Using ((7]) and (j9|) we obtain 

W" + A[(n-T)u) + n]W = 0. 
and that the function W then satisfies 



W' 2 = k 2 



aW 2 



= A[(n-l) 



(7) 

-2A, (8) 

(9) 

(10) 
(11) 



where k is an integration constant. 

Note that, the form of the field equations ©-(O are 
similar to four dimensional GR [jj} and also to the BD 
[13, [H[ cases. The character of W(r) which solves ([TO)) 
depends on the numerical value of the constant a, which 
is determined by the numerical values of the parameters 
A, uj and n. 

With the conformal transformations defined by 



9^v — 9^v 



1 



71-2 



h 6 (12) 



4>o being a constant, the action (JTJ goes over to the Ein- 
stein frame with minimally coupled massless scalar field 
and with an appropriately-scaled cosmological constant. 
A subsequent conformal transformation defined by 



9^v — 9fif ' 



(13) 



brings the action in the Einstein frame (in the barred 
variables) to so-called string frame where the scalar field 
now becomes dilaton field. 

In the next section we consider A = vacuum solutions 
which require a = and oj ^ — — ^r. In the fourth sec- 
tion we present A-vacuum solutions which require either 
a = and uj = ——33; or a 0. Finally we briefly ex- 
tend our discussion to stationary generalizations of these 
solutions. 



III. VACUUM (A = 0) SOLUTIONS 

In this section we consider the case where the cosmo- 
logical constant vanishes, A = 0, with u) being arbitrary. 
For this case Eqn. ([TO)) becomes W" = and has solu- 
tion W = 7 r + ft where 7, ft are integration constants. 
It turns out that, without loss of generality, it is possible 
to choose W — r by taking 7 = 1, /3 = 0. The solution is 
therefore given by the functions 



As 



(14) 
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where the constant exponents satisfy 



This solution corresponds to higher dimensional gener- 
alization of the Levi-Civita space-time |9j in BD the- 
ory and its four dimensional BD version can be found 
in [3]. The solution has n number of Kasner-like pa- 
rameters Oi,a0. However, since there are two constraint 
equations, namely Eqns. (|15l) . only n — 2 of them are 
independent. We also have the freedom to set some of 
the constants to unity if the coordinate correspond- 
ing to these constants are not an angular coordinate. For 
the angular coordinate, however, the corresponding con- 
stants is related to the global conicity of the space-time 
and cannot be removed without changing the period of 
the angular coordinate. 

This solution shares many physical properties with its 
four-dimensional counterpart. For example, it is singular 
on r = since the Kretschmann scalar JC = R tlv \ K R ,ll ' XK , 
diverges; as easily seen by its expression, for example, in 
6-dimensions: 



These yield the metric and the scalar fields as 

ds 2 = -p ia dt 2 +p 2 ^- l \dr 2 +dz 2 ) (19) 

n 

+p m-**-P-^) (3 2 d( f + J2p 2 V(dx 1 ) 2 , 
1=5 

= 0oP 7 *, (20) 

respectively, where the constant exponents are now given 
by 

£ = 1-P+ P +(2g + 7 )(p + 7 -l) + 4g- 2 

+|tJ, * = 9 2 = £7?. (21) 

Here, we re-scaled the ignorable coordinates for clarity. 
Note that, this solution reduces to the corresponding GR 
solution [t| [l6[ in the limit 7^ — > 0, \/u> — > 00 such that 
70\/w -> 0. 

IV. VACUUM SOLUTIONS WITH 
COSMOLOGICAL CONSTANT 

A. General Case 



£(Mi-«*)] 2 



(16) 

The only exception to this is the particular case where 
<20 = and all of the exponents ai vanish except one of 
them is assumed to be equal to unity. This is nothing 
but the special case of (flat) higher dimensional GR limit 
of our solution and for n — 4 this solution describes the 
exterior field of gauge cosmic strings [ll|, [l2[ • 

For A = case, the gravitational force acting on a test 
particle at rest is proportional to ~ — ao/r 2a ° +1 . As in 
the four dimensional GR case [13, H3 , the direction of 
force depends on the sign of ao- When ao is positive the 
force is attractive whereas it is repulsive for negative ao 
implying that the source generating such gravitational 
field has positive (negative) energy density for positive 
(negative) a . 

For the purpose of comparison with the familiar forms 
of the solution, we first identify the axial and the angu- 
lar cylindrical coordinates SiS X — z, x^ — 9. We also 
label the extra coordinates by the capital Latin letters, 
/, J = (5, 6, . . . , n). Then, the solution can be written in 
a more conventional form by incorporating the Kasner re- 
lations (Ti"5j) into the solution by the following coordinate 
transformation and redefinitions 



P 
1 



a 



a* 



2a 

(2fT + p + 70 ) 



"2 



ai 



1 

E' 



7<^ 



(17) 
(18) 



General class of solutions for the A ^ case can be 
obtained for a ^ 0. This requires both A ^ and w ^ 
— — zT- Hence, the vacuum solution with a cosmological 
constant, which can be considered as generalization of 
Linet-Tian solution [I?], [3 belongs to this class. For 
this case, using Eqns. and (fT0|). the field equations 
can further be integrated to get 



g[ uj + 1 W kci 

g, t ~ n+{n— 1)uj W W" 

<t>' _ 1 W' kcj, 

~ ~ w 



<j> n+ (n— 1)uj W 



(22) 
(23) 



where Ci and are constants. These constants, because 
of the equations © and (ITT|) . should satisfy the following 
constraint equations: 



£ Cj + C0 = 

i=0 
n— 1 

E^ 2 + d 



(24) 



9 n — 1 + (n — 2) u) 
» ) cl = ! v - ' . (25) 



n + (n — 1) uj 



Eqn. <jT0j) , depending on the sign of a, has two types 
of well-known solutions. These are given by 

W = 7 sin (y/ar) + S cos (Var) , a > 0,(26) 

W = 7sinh (yjajr) + <5cosh (yjajr) ,a < 0.(27) 

Note that cylindrical symmetry requires 6 = and we 
have the freedom to take 7 = 1. Now, the remaining 
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functions of the solution can be found. Using eqns. ([22 
and (|23p we find the following field functions 



9i = Ci {ia,n\\/ar) Cz (sin\/a? 



i+(n-i)« 



(28) 



(f) = Ccf, (taniV^r) c * (sin y/Er) , (29) 



for a > 0, and 



5i = Ci (tanh i \/W r J f sinh 
4> = rtanh | r^j ^sinh 



>. + (n-l)<. 



(30) 
(31) 



for a < 0. 

Similar to the GR 0, El as well as BD [H| cases in 
four dimensions, the curvature invariants of the solutions 
are singular at r = and at r = Ntt / yfa for a > where 
TV is an odd integer, whereas they are singular only at 
r = for a < 0. Hence, for negative a spacetime is 
similar to vacuum case where the only singularity is at 
the symmetry axis, which can be avoided for both signs 
of a if one can put an interior regular source occupying 
the symmetry axis and smoothly matching the exterior 
A— vacuum region. Positive a case is more problematic 
however, since there are infinitely many singularities at 
r = Nit I y/a. This can be remedied by assuming that this 
case describes a closed toroidal spacetime with topology 
R n ~ 2 x S 2 as suggested in (l8j | . Then, the radial coordi- 
nate is to be transformed to r — X + Xo where xo — ^/^fa 
and the new coordinate x nas range — xa < X < Xo- 

In order to discuss the asymptotical form of the so- 
lutions, with the help of the properties of trigonometric 
functions, we rearrange the metric functions given above 
as follows 



2(uj+i) a / Of v \/o.r 
gi = Cl cos^T^(^)tan(^-r, (32) 

<j> = C <A cos^w(^)tan(^) a *, (33) 

for a > and for a < trigonometric functions replac- 
ing with corresponding hyperbolical functions. Here the 
parameters aj,a^,, are given by 



l+UJ 



n + (n — l)u) 



, (20 = C0 + 



1 



n + (n — 1)uj ' 



(34) 



and they satisfy the relations (|T5|). 

Near r « 0, the solutions, for both signs of a, reduce 
to vacuum Levi-Civita-BD solution ([14")) : 



(35) 



For positive a, the solutions do not approach to de-Sitter 
spacetime in the r — > oo limit. However, for a < 0, the 
metric reduces to 



which is actually a spacetime with a constant negative 
curvature. Hence, the negative a space-time always ap- 
proaches to anti de Sitter (AdS) space-time at radial in- 
finity. Note that in the limit r — > oo, for this case, the 
metric becomes independent of the cylindrical Kasner pa- 
rameters. 



1. Relation with Topological Black Holes 

Let us consider a subclass of solutions for a < 0. First, 
consider the coordinate transformation defined by 



9i(r)r 



dr 2 + e"+("- 1 )" 



-"■(^W-dt 2 ), (36) 



: cosh 1 



*+("-!)- 



n 



(1 + ^) 2 |A|/^ 
n + (n — 



(37) 
(38) 



(po constant) together with the special choice of the Kas- 
ner parameters 



-(! + ") 
n + (n — l)w ' 

n — 1 + (n — 2)w 

n + (n — l)w 



C2 = C 3 = C/ = C0 
Co 



(39) 
(40) 



which brings this special case of general BD vacuum so- 
lution with a < to the convenient form 



ds 2 



dp 2 



dz 2 + C' <p 2 d<j> 2 + ^2{dx 1 ) 2 



4> = 0o [(1 +uj)p} 1 +- 



, (41) 
(42) 



Here, the time and other ignorable coordinates are scaled 
by constants. To avoid a conical singularity, one has to 
set C^/po t° unity. 

This solution corresponds to an interesting subclass of 
general A— vacuum BD solutions with cylindrical symme- 
try. It is presented in (30l | and its thermodynamical and 
other properties are discussed in 30] in the study of dila- 
ton gravity with a dilaton potential term. The solution 
(|41|l is the higher dimensional generalization of the solu- 
tion given by Cai et al. [31J corresponding to black hole- 
type solutions with flat (cylindrical, plane or toroidal) 
horizon topology in the dilaton gravity, whose GR ver- 
sion were previously studied in four [20l l2lj and higher 
dimensions 32] . In fact, this type of solutions in GR has 
also been identified with the AdS solitons [H, H3, [sll . As 
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in the corresponding case in GR, the presence of negative 
cosmological constant is essential for these black hole- 
type solutions. Moreover, by omitting the coordinates of 
the extra dimensions, the solution (l4"Tj) goes over to the 
corresponding GR case in the limit uH-cxd. 



B. Solutions with a = 

The class of solutions for a = with A ^ is given 
by the particular value of the BD parameter uj = — — ^j- . 
For this class of solutions, the field functions are given 
by 

gi = B % r^e^l\ ^B^r^MA^A (43 ) 
where the constants are to satisfy 

]>> + & = ^_ 1,2 =L (44) 

i i * ' 

Note that this solution has no GR limit, unless A = 
0, &0 ~ which renders the BD scalar function a con- 
stant. 



V. STATIONARY SOLUTIONS 

In GR, cylindrical stationary (rotating) solutions were 
presented for vacuum by Lewis[34| and A— vacuum by 
Krasinski 35] and Santos 36]. These solutions can be ob- 
tained by using globally forbidden coordinate transfor- 
mations from the corresponding static solutions, i.e. co- 
ordinate transformations which mixes time and angular 
coordinates 0, [37j • This type of transformation yields 
locally equivalent but globally different solutions. Now 
suppose that for the metric we considered ([5|), the space- 
time has K' 1 ^ 1 x S 1 topology and the coordinate a; 3 is 
an angular coordinate. Then, as in the previous cases, 
we can obtain stationary (rotating) cylindrical solutions 
applying the following coordinate transformations 



t = t Q T + x <S>, 



tiT + cci*, 



(45) 



where to, xq, t±, x\ are constants, and there is freedom to 
rescale two of them to unity by redefining the coordinates 
T and $. Consequently, the resulting metric takes the 
form: 



ds 2 = —FdT 2 + 2KdTd$ + Ld<& 2 + dr 2 

\2 



(46) 



where 



F = t 2 g 2 



t 2 n 2 



K = t 1 x 1 g 3 - t x g , 



Since the transformation is not permitted globally and 
the resulting metric is not equivalent to static metric, 
we can label the new coordinate $ as angular coordinate 
with range [0,27r]. One can always locally transform the 
new metric into a static one by considering the inverse 
transformations of (|45[) . but since these transformations 
are not permitted globally, the static metrics can fully be 
recovered only in the limit where the constants t\ and xq 
vanish. 

Using appropriate forms of the functions gi presented 
in previous sections, the above metric describes station- 
ary vacuum or A— vacuum solutions of cylindrical station- 
ary solutions of higher dimensional BD theory or with 
taking suitable limits, GR theory. 

Since static and stationary rotating solutions are 
equivalent locally, many of their physical properties are 
also similar. However, there is a crucial difference be- 
tween static and stationary solutions. Cylindrically sym- 
metric rotating solutions can easily generate closed time- 
like curves (CTC's). For the metric under consideration, 
if £^ is the Killing vector generating rotations about 

axis, then the spacetime is free of CTC's if g^v^l&sSf^ > 
everywhere, which requires g 2 . > x^/x 2 g 2 . It is possi- 
ble to have such configurations with appropriate choice 
of parameters. For example, for the vacuum, the case 
a > a 3 (a3 > a Q ) is free of CTC's for large r if the 
constants satisfy the relation x\ > x 2 (x 2 > Xq). 



j- _ 2 2 2 2 

n — x i93 _ x q9o- 



(47) 



VI. DISCUSSION 



In this paper, various solutions of Brans-Dicke field 
equations having cylindrical symmetry in higher dimen- 
sions are presented for the cases of vacuum and A- 
vacuum. The solutions we have presented generalize 
the corresponding solutions for static vacuum [E ] and 
A-vacuum 1 1711 cases and stationary vacuum [34| and 
A— vacuum [35l in GR. We have showed in particular 
that, similar to corresponding to the GR subclass 
of higher dimensional A-vacuum solutions we present in- 
cludes a topological black hole-type solution for the spe- 
cific choice of parameters of the higher-dimensional BD 
theory. It is well-known that one of the ingredients of the 
low energy limit of string theories is dilaton field that cou- 
ples nonlinearly to gravity. Thus, the solutions we have 
discussed can have relevance in the context of such theo- 
ries, since they represent the gravitational field of static 
or stationary rotating neutral string-like objects in four 
and higher dimensions. 
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